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Abstract

A mathematical model for computing the thermal performance of an air heater with a truncated compound parabolic concentrator
having a flat one-sided absorber is presented. A computer code that employs an iterative solution procedure is constructed to solve the
governing energy equations and to estimate the performance parameters of the collector. The effects of the air mass flow rate, the wind
speed and the collector length on the thermal performance of the present air heater are investigated. Predictions for the performance of
the solar heater also exhibit reasonable agreement, with experimental data with an average error of 7%.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Simulation models are important design tools and are
useful for predicting the collector’s experimental perfor-
mance. In any solar energy application, it would be desir-
able to analyse theoretically any given system as
extensively as possible before embarking on the construc-
tion of one for installation. Rabl [20], Hsieh [12], Prapas
et al. [19], Norton et al. [15], Eames and Norton [6] and
Oommen and Jayaraman [17] analysed non-evacuated
CPC cavities with flat or cylindrical absorbers. The thermal
analyses of such collectors have been well documented
[9,23,24]. However, a close examination of the papers
reveals that the case of a cylindrical absorber is of particu-
lar interest because standard piping and evacuated tubes
are commonplace receiver elements, and because the cylin-
drical shape reduces thermal losses through the back of the
collector. Other CPC configurations like the non-evacuated
stationary CPC solar collector with flat bi-facial absorber
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[26], the CPC augmented with a reverse flat plate absorber
[7] and an asymmetric compound parabolic concentrator
[1,8,13] have been proposed. Papers reporting thermal
analysis of the CPC with flat one-sided absorber are rarely
found, and those published are devoted to the effect of
truncation on the optical, thermal losses and collectible
energy [3] or to increasing the electrical energy output
[10]. Recently, Pramuang and Exell [18] reported the results
of an experimental study in which the method of Chung-
paibulpatana and Excell is used to determine the collector
parameters of a solar flat plate collector with a CPC for
heating air.

The purpose of this paper is to quantify the heat transfer
within compound parabolic concentrating solar energy col-
lectors with a flat one-sided absorber. A mathematical
model analysing the collector thermal performance is intro-
duced and examined by using a constructed computer code
that uses an iterative procedure.

2. Structure of CPC and mathematical modeling

The CPC is capable of accepting solar radiation for long
periods each day without diurnal tracking of the sun. It
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Nomenclature

A area (m2)
Cp specific heat (J/kg K)
Ca geometric concentrator ratio
e thickness (m)
h heat transfer coefficient (W/m2 K)
I solar intensity (W/m2)
L length of tube (m)
l breadth (m)
M mass based on unit aperture area (kg/m2)
_m mass flow rate (kg/s)
hni number of reflections
q heat flow (W/m2)
T temperature (K)

T fm
1
L

R L
0 T f ðx; tÞdx

� �
ðKÞ

UL overall heat loss coefficient (W/m2 K)

Greek letters
�a absorptance

�q reflectance
�s transmittance
r Stefan–Boltzman’s constant (W/m2 K4)
l dynamic viscosity (kg/ms)
e emissivity
g thermal efficiency
k thermal conductivity (W/ms)

Subscripts

b ambient
c cover
d daily
e inlet
o outlet
p flat one-sided absorber
s sky
m mirror
f fluid

g
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Fig. 1-a. A two dimensional CPC with a flat one-sided absorber. Cross
section.
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also has the advantage of concentrating the diffuse radia-
tion, which is not possible using an imaging collector
[18]. The two dimensional CPC collector with a flat absor-
ber is the one studied experimentally by Pramuang and
Exell [18]. The principal dimensions for the CPC collector
used are labelled in Fig. 1 in both cross-section Fig. 1-a and
side view Fig. 1-b.

In order to simplify the analysis, the following main
assumptions are made:

A-1: It is assumed that the CPC is ideal and free from fab-
rication errors.

A-2: Any beam of radiation incident within the accep-
tance angle ha, with the help of the parabolic reflec-
tor can reach the receiver. The concentration ratio
used in this work is defined on a geometrical basis
and is expressed in terms of the total receiver area
(Ca = 1/sin(ha) = Ac/Ap) [3,12].

A-3: The reflection of radiation from the parabolic reflec-
tor is taken into account by the apparent reflectance
qhnim , with hni = 0.5 + 0.07Ca for a CPC with flat
plate absorber [21,23].

A-4: The direction of the beam radiation incident on var-
ious components in the collector can be found
through geometry. Any reflection from these compo-
nents, particularly multi-reflections from the para-
bolic reflector, will cause a reorientation of rays to
the effect that the ray’s reflection pattern becomes
exceedingly difficult to follow without reliance on a
detailed ray tracing. To facilitate analysis, these
reflections are treated as diffuse, and their energy is
taken into account in terms of diffuse reflectivities
[12,23]. The succeeding absorption and transmission
processes inside the CPC are diffusive and are taken
into account in terms of the diffuse properties. The
solar and infrared energy exchanges in the collector
are treated separately using pertinent radiative prop-
erties in the spectrum.
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A-5: The physical and optical properties of materials are
assumed to be independent of temperature.

A-6: The concentrator does not produce an image of the
light source, hence it is called a non-imaging
concentrator.

Fig. 1-c illustrates the electric analogy circuit for the
CPC collector. Applying heat balances in a suitable way,
the following set of partial differential equations can be
derived:

For the cover

M cCpc

oT c

ot
¼ qcðtÞ þ hRpðT p � T cÞ þ hp=cðT p � T cÞ

� hRsðT c � T sÞ � hc=aðT c � T bÞ ð1Þ

with t > 0.
For the flat absorber

MpCpp

oT p

ot
¼ qpðtÞ � hRpðT p � T cÞ � hp=cðT p � T cÞ � quðtÞ

ð2Þ
with t > 0.
U L ¼
ðhRp þ hp=c þ hRs þ hc=aÞðU 0U f þ U 0hRp þ U 0hp=c þ hRpU f þ hp=cU fÞ þ ðU 0 � U fÞðhRp þ hp=cÞ2

ðhRp þ hp=c þ hRs þ hc=aÞU f

ð10Þ
For the fluid
qf ef Cpf

oT f

ot
¼ quðtÞ �

_mCpf

lp

oT f

ox
� U 0ðT f � T bÞ ð3Þ
with t > 0 and 0 < x < L.
In Eqs. (1) and (2), qc(t) and qp(t) have been expressed
using Hsieh’s theory [23], as:

qcðtÞ ¼ IðtÞ �ac þ �ac�sc�qpq
2hni
m

� � Ac

Ap

ð4Þ

qpðtÞ ¼ IðtÞ�scq
hni
m P �ap þ �ap�qp�qc

Ap

Ac

� �
Ac

Ap

ð5Þ
P is the gap loss factor, which is equal to 1 � g/lp [21],
where g is the gap thickness. Ac = W*L and Ap = lp*L.

At any point x, the fluid temperature (Tf) is related to
the useful energy qu (see Eqs. (2) and (3)) and the absorber
temperature (Tp) by the following expression:

qu ¼ U fðT p � T fÞ ð6Þ
The factor Uf is the convective heat transfer coefficient be-
tween the heat transfer fluid and the walls of the absorber.
It is calculated from the relationship:

U f ¼
Nufkf

DH

ð7Þ

where the Nusselt number Nu and the hydraulic diameter
DH are given in Appendix A.

Since the absorptance of the cover and the thermal
capacities of the components of the collector are small,
we neglect them. However, the functioning of the collector
remains variable with time because it depends on the
unsteady solar intensity. Eliminating Tc and Tp from the
simplified equations obtained, one gets:

Cpf _m
dT f

dx
¼ lp½Sp � U LðT f � T bÞ�F 0 ð8Þ

with

Sp ¼ IðtÞ�scq
hni
m P �ap þ �ap�qp�qc

Ap

Ac

� �
Ac

Ap

þ
ðhRp þ hp=cÞ IðtÞ �ac þ �ac�sc�qpq2hni

m

� �
Ac

Ap

� �
hRp þ hp=c þ hRs þ hc=a

� ðhRp þ hp=cÞDThRs

hRp þ hp=c þ hRs þ hc=a

ð9Þ
F 0 ¼ U fðhRpþ hp=cþ hc=aþ hRsÞ
ðhRpþ hp=cþ hc=aþ hRsÞðhRpþ hp=cþU fÞ� ðhRpþ hp=cÞ2

ð11Þ

To evaluate the collector’s performance, it is necessary to
estimate the overall loss coefficient UL, the collector effi-
ciency factor F 0 and the internal heat transfer coefficients.
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Fig. 1-c. A two imensional CPC with a flat one-sided absorber.

Table 1
The characteristics of the CPCs

Parameter Symbol Units Value

Acceptance half angle ha � 15
Cover absorptance �ac / 0.05
Flat plate absorber absorptance �ap / 0.95
Cover transmittance �sc / 0.89
Cover emittance ec / 0.85
Flat plate absorber emittance ep / 0.91
Cover reflectance �qc / 0.05
Reflector reflectance qm / 0.86
Flat plate absorber reflectance �qp / 0.15
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The relations determined for the various heat transfer coef-
ficients are presented in Appendix A.

Assuming that the overall heat loss coefficient UL and
the collector efficiency factor are temperature independent
in position, the efficiency is found to be:

ginst ¼
Qu

ACIðtÞ ð12Þ

where the useful thermal power Qu extracted from the CPC
collector is calculated from the relationship:

Qu ¼ F RArfSp � ULðT feð0; tÞ � T bðtÞÞg ð13Þ
FR is a removal factor given by:

F R ¼
Cpf _m

lpLU L

1� e
�lpLF 0

4
UL

Cpf _m

� � !
ð14Þ

Using Eqs. (12) and (13), ginst becomes:

ginst ¼ ðg0 þ F AÞF R �
U L

CaIðtÞ F RðT feð0; tÞ � T bðtÞÞ ð15Þ
where the optical efficiency is given by:

g0 ¼ �scq
n
m�apP 1þ �qpqc

lp

2W

� 	
ð16-aÞ

According to Rabl et al. [22] and to Pramuang and Exell
[18], the optical efficiency is given by:

g01 ¼ �scq
hni
m �ap ð16-bÞ
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The optical efficiency determined from direct measure-
ments [18] of the optical properties of the materials listed
in Table 1 using Eqs. (16-a and 16-b) have values
g0 � 0.72 and g01 � 0.75, respectively. However, the result
of Pramuang and Exell [18] obtained using Eq. (16-b) is dif-
ferent. The difference is due to the fact that in the numerical
calculation of Pramuang and Exell [18], the number of
reflections is computed using the relation hni = 1 + 0.07Ca

which is a relation used for a CPC with tubular absorber
[21]. The analytical results of Eq. (16-a) agree with the opti-
cal efficiency found by direct measurements (g0 = 0.67, see
Pramuang and Exell [18] with an error of 7%. Comparing
Eqs. (16-a) and (16-b), the ratio gives:

g0

g01

¼ P 1þ �qpqc

lp

2W

� 	
< 1 ð17Þ

An examination of this equation, when P! 1 (g! 0, cor-
responding to a case where the reflector touches the recei-
ver) shows that Eq. (16-a) agrees with Eq. (16-b) with an
average error of 1%. In many solar thermal applications,
however, it is necessary to have g 5 0 (P < 1), because a
gap between the reflector and the absorber is needed to re-
duce conductive heat losses. The above result shows that a
gap between the reflector and the absorber causes optical
losses, but a compromise between optical and thermal per-
formance must be made.

In Eq. (15), FA is named the enclosure absorption factor
[23]. It is given by the relationship:

F A ¼
ðhRp þ hp=cÞ

ðhRp þ hp=c þ hc=a þ hRsÞ
�ac þ �ac�sc�qpq

2hni
m � DThRs

IðtÞCa


 �
ð18Þ

The performance of the system over a period of a day is
computed as the daily average efficiency:

g ¼
R ts

tr
_mCpf ðT f 0ðL; tÞ � T feð0; tÞdt

Ac

R ts

tr
IðtÞdt

ð19Þ

where tr = 6 a.m. and ts = 6 p.m.

3. Calculation procedure

In the numerical calculations, an iterative method is
used to take into account the effect of the temperature
dependence of the various heat transfer coefficients. For
certain temperatures, they are first calculated by using
the standard expressions given earlier. The equations are
solved by assuming the coefficients constant, and the solu-
tions are used to generate all the heat transfer coefficients
again and the iteration continues until the values con-
verge. The convergence criteria are given by the following
relationship:

Sup maxi T kþ1
xi � T k

xi

�� ��; T kþ1
c � T k

c

�� ��; T kþ1
p � T k

p

��� ���h i
6 c ð20Þ

An appropriate choice of c is important to make sure that
the convergence is rich. Several tests have been made for
which c was taken as 10�3, 10�4 and 10�5 and the resulting
values and numbers of iterations were compared. The results
showed that for the low value of flux (I(t) < 270 W/m2), the
value c = 10�3 was satisfactory, while for the higher values
of flux I(t), c� 8 · 10�4 was adequate. The value of c was
kept constant, at 10�5, throughout the present calculations.
The computer program is based on FORTRAN and pro-
ceeds as outlined above.

4. Physical parameters

One collector panel with CPC collectors truncated to
one-third of the full size within the acceptance half angle
of 15� is considered. The collector has a total aperture
area of 0.72 m2 and a flat plate absorber area of
0.24 m2. This collector has overall dimensions of 0.6 m
height, 0.6 m width, 8 mm gap thickness, and the calcula-
tions are done for three values of CPC length, L, from 1.2
to 2 m. The receiving surface, which is painted non-selec-
tive matte black, forms the upper side of a rectangular air
flow duct of depth 0.03 m made of aluminium sheet
0.2 mm thick [18]. The bottom of the duct is insulated
with fibre glass 0.05 m thick. The optical properties of
the materials in the collector are listed in Table 1. The
physical properties of air were assumed to vary linearly
with temperature within the range encountered in solar
air heaters. Therefore, typical linear equations for the vis-
cosity, density, thermal conductivity and specific heat of
air were implemented in the theoretical procedure. The
following are recalled in Appendix A. The mean values
of the ambient temperature and global radiation in May
at Garoua in Cameroon (9�20 0 N; 13�23 0 E; altitude
241 m) are used [25].

5. Results and discussion

A series of runs with individual parameters varied while
others are held constant were conducted and analysed to
investigate the influence of these parameters on the thermal
performance of the present model. The effect of increasing
the volume flow rate on the local air, air outlet, absorber
plate and cover temperatures and the instantaneous and
daily average efficiencies is presented in Figs. 2 to 5. It is
apparent, as expected, that as the air mass flow rate
increases, the air flow local temperature and air outlet tem-
perature decreases. Further, for high mass flow rates, the
collector operating temperature would be lower, resulting
in lower heat losses and, subsequently, higher efficiencies.
In all the results, it is observed that the absorber plate exhib-
its the highest temperature and the cover the lowest. As the
air flow rate increases, the temperature differences between
the air and the absorber plate decrease. The effects of wind
on the instantaneous and daily efficiencies are shown in
Figs. 4-a and b. The results show that by decreasing the
value of the wind speed, as expected, the wind heat transfer
coefficient decreases, and thus, the overall loss coefficient
value and the instantaneous and daily efficiencies increased.
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The effect of increasing the collector length on the
thermal performance is displayed in Figs. 2-a and 5. It
can be seen that as the collector length is increased,
the absorber average temperature is appreciably
increased, as was the air temperature. However, the
instantaneous and daily average efficiencies slightly
decrease with the increase in length of the collector,
which presumably results from the greater heat losses
to the surroundings since both the average absorber tem-
perature and the size of the collector are increased.
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Fig. 6 shows the instantaneous efficiency calculated for
different solar irradiances.

Fig. 7 shows the effect of the air mass flow rate on UL and
F 0. It is shown that the collector efficiency factor F 0 increases
with the air mass flow rate. It is also observed, as expected,
that UL decreases with the increase of the air mass flow rate.

Fig. 8 compares the efficiency obtained from the
present mathematical model and the experimental data
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of Pramuang and Exell [18]. The test data have been
taken from a collector having conditions sufficiently
close to those given by Pramuang and Exell [18]. It
can be seen that the results obtained show good agree-
ment with the experimental data, with an average error
of 8%.
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6. Conclusion

The heat transfer characteristics and thermal perfor-
mance of a solar flat plate collector with a CPC has been
presented. A theoretical solution procedure of the energy
equations using a computer code for predicting the thermal
performance of the present solar air heater has been made.
The influence of the air mass flow rate, collector length and
wind speed on the performance of the present air heater has
been discussed. Reasonable agreement is obtained from the
comparison between the numerical results and experimen-
tal data.
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Appendix A

The different heat transfer coefficients for each surface in
the present system are evaluated as follows.
Radiation heat transfer from the cover to the Sky

The radiative hRp heat transfer coefficient between the
flat plate absorber and the cover is:

hRp ¼
r T 2

p þ T 2
c

� �
ðT p þ T cÞ

1
ep
þ Ap

Ac

1
ec
� 1

� � ðA1Þ
Radiation heat transfer from the flat plate absorber to the

cover

The radiative heat loss coefficient hRs between the cover
and the sky is calculated from the relationship:

hRs ¼ rec T 2
c þ T 2

s


 �
ðT c þ T sÞ

Ac

Ap

ðA2-aÞ

where the expression of the sky temperature is given by
Hsieh [11,12,24]:

T s ¼ T b � 6 ðA2-bÞ
Convection heat transfer coefficient from the cover due to

wind

The heat loss coefficient by convection hc/a between the
cover and the ambient is correlated by Duffie and Beckman
[4] as:

hc=a ¼ ð5:7þ 3:8vÞ Ac

Ap

ðA3-aÞ
or by Watmuff et al. [27] as:

hc=a ¼ ð2:8þ 3:3vÞ Ac

Ap

ðA3-bÞ

where v is the wind velocity. The Duffie and Beckman cor-
relation was the one that was employed in this study.

Convective heat transfer coefficient between flat plate

absorber and cover

According to the Hsieh theory [12,23], the convective
hp/c heat transfer between the flat plate absorber and the
cover is:

hp=c ¼ 3:25þ 0:0085
T p � T c

2DH

� 	
Ac

Ap

ðA4-aÞ

where

DH ¼
2lpef

lp þ ef

ðA4-bÞ

The flow is assumed to be hydrodynamically fully devel-
oped at the collector inlet. The inner surface convective
heat transfer coefficients were modelled according to the
flow regime.

– For laminar flow (Re< 2100) by the Mercer correlation
[2,14]

Nu ¼ 4:9þ 0:0606ðReP rDH=LÞ1:2

1þ 0:0909ðReP rDH=LÞ0:7P 0:17
r

ðA-4Þ

– For turbulent flow (Re > 2100) by the Kays correlation
presented in a mathematical form by Duffie and Beck-
man [5].

Nu ¼ 0:0158R0:8
e ðA-5Þ

with

Re ¼
_mDH

lpeflf

; P r ¼
lfCf

kf

ðA-6Þ
Physical properties of air [16]

Viscosity : l ¼ ½1:983þ 0:00184ðT � 27Þ�10�5 ðA-7Þ
Density : q ¼ 1:1774� 0:00359ðT � 27Þ ðA-8Þ
Thermal Conductivity : k ¼ 0:02624þ 0:0000758ðT � 27Þ

ðA-9Þ
Specific heat : Cp ¼ 1:0057þ 0:000066ðT � 27Þ ðA-10Þ
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